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1. INTRODUCTION 
The relationship of nuclearity of a locally convex space with its absolute 
Schauder base is well known in the theory of nuclear locally convex space 
(see, for instance, [7, 15, 181). The importance and further study of nuclear 
spaces have led to their generalizations as l-nuclear spaces. On the other 
hand, the significance of the absolute character of a Schauder base has been 
fully realized in view of its impact on the nuclear structure of Frichet spaces. 
Consequently this notion of a base has become a subject of much interest 
and recent investigations by vector-space pathologists, resulting in its further 
dissection and generalization to L-bases [3]. This aforementioned 
development in the theory of locally convex spaces poses a natural question 
worth studying, namely, how L-nuclearity of a space could be related to its L- 
(absolute) base. Our basic purpose in this paper is to attempt to solve this 
problem and make efforts to answer it in as much generality as possible. For 
obvious reasons, we would like to pay more attention to L-bases and their 
ramifications, for the A-nuclearity of spaces now stands sufficiently explored 
and by now much is known in this direction. 
The present work has been divided into five sections. After introducing the 
necessary background in Section 2, we pay a good deal of attention in 
Section 3 to finding the basic properties of “A-bases” and exploring their 
applications to the structural study of locally convex spaces and charac- 
terisation of continuous linear functionals thereon. Section 4 mainly contains 
results on Q-fully L-bases, while in Section 5 these results are exploited to 
establish their relationship with /i-nuclearity. 
2. BASIC BACKGROUND 
For an easy understanding of the material incorporated in this paper, the 
reader is assumed to have familiarity with (I) the rudiments of the theory of 
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locally convex spaces, (II) a general study of sequence spaces, (III) Schauder 
bases and their types, and (IV) nuclearity and its ramifications. 
Concerning (I), we follow [6, 121; however, we recall only a few relevant 
terms for our terminological perception. Accordingly, we write (X, T) to 
mean a Hausdorff locally convex topological vector space (abbreviated 
hereafter as l.c. TVS), equipped with its locally convex topology T. We use 
the symbol D, associated with (X, T) to mean the family of all seminorms 
generating the topology T. For an l.c. TVS (X, 7’), the fundamental 
neighbourhood system at the origin consisting of all balanced, convex and T- 
closed sets will henceforth be denoted by 23, or by !Z3 only, provided there 
arises no confusion regarding the associated topology T. We recall that 
(X, 7’) is a barrelled space if and only if T =p(X,X*), X* being the 
topological dual of (X, 7’). An l.c. TVS X is called an S-space provided X* 
is a(X*, X)-sequentially complete. 
For (II), we follow [8] (cf. also [ 121). In this context it suffkes to mention 
a few terms we shall need in the sequel. Let, therefore, cc) denote the vector 
space of all IK-valued sequences (IK = R or C) with coordinatewise addition 
and scalar multiplication and e’ = (0,O ,..., 0, 1,0 ,... }, 1 being placed at the 
ith coordinate. Suppose q is the space generated by (e”: n > I}. By a 
sequence space 1 we mean a subspace of w such that 9 c A. The symbols 1’ 
and 14, respectively, stand for the KGthe and P-dual of the sequence space A: 
AX = xEw: -7 IxiyiI < al,VpEL ; 
i?l I 
A4 = x E w: s xiyi converges for each 4’ E A . 
i> I I 
We will find it convenient to introduce the symbol A: for the set 
(UEL”:u,>O,vn> l}. 
One can equip a sequence space ,l with a number of polar topologies, 
resulting from the dual pairs (A, Ax) and (A, 1’). Besides, there is another 
natural topology on i, namely, the normal topology q(A, 1’ ) generated by 
the family (p, ;y E J. ’ } of seminorms on A, where for each x E 1, 
PyCx) = s I”i4’il. 
i>l 
Further, a sequence space 1 is called perfect if A = 1”; also 1 is called 
normal (resp. monotone) provided I”), cll (resp. m,l cl, m, being the 
sequence space generated by the set of sequences of zeros and ones). 
At this stage it will be appropriate to recall a few results from the theory 
of sequence spaces (cf. [8, Corollary 2.4.12, Theorems 3.5.1, 2.8.141) for 
later use in this paper. These are: 
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PROPOSITION 2.1. Sequential cotwergence in (A, u(A, 1’ )) is the same as 
in (A. ?](A, /I ‘: )). 
PROPOSITION 2.2. The topology ~(1, A * ) is compatible with the dual pair 
(A, 1 x ,. 
PROPOSITION 2.3. A is perfect if and on6’ if A is o(k, II ’ )-sequentially 
complete. 
In our subsequent articles, we confine ourselves more to the following type 
of sequence spaces. In fact, let P be an arbitrary subset of w such that (i) 
each x in P is positive, (ii) for each n > 1, there is an x in P with X, > 0 and 
(iii) for each X,J E P there is z in P with x,<z,,J,<z, for n> 1. Such a 
set P is usually referred to as a Kd;the set and the sequence space 
/i(P)= 
I 
xEw:p,(-u)- x /“il’il < co.v).EP! 
i>l 
is called a K&he space. If the topology on A(P) is not emphasized, it will be 
assumed without reference that A(P) is equipped with its natural topology 5, 
generated by the family (p,: .r E P) of seminorms on A(P). Throughout, a 
K&he set will be denoted by any of the symbols P. P,, P,, P,,.... We also 
recall that ,4(P) is always complete relative to its K&he topology 5,. If a 
Kothe set P satisfies the following (additional) conditions. 
(iv) each s in P is strictly positive. i.e.; X, > 0. n > I and non- 
decreasing. and 
(v) for each x in P, there exists J’ in P such that -t-f <JV,,, n > 1, 
then P is said to be of infinite tJ,pe and the corresponding sequence space 
A(P) is termed a G,-space (Ktithe space of infinite type). 
Coming to (III), we recall that a pair (x,; f,,} of sequences {x,} c X and 
{f,,} c X*, X being an l.c. TVS, is called a Schauder base, provided each 
x E X has a unique expansion as 
?c = y  f,(x) x,. 
n>l 
A Schauder base (x, ; f, } for an l.c. TVS X is said to be (a) absolute or an 
II-base provided xi>, Ifi(x)Jp(x,) < co, for each x in X and every pE%.; 
(b) bounded multiplier provided xi,, aixi converges in X for each 
a = (cq} E I” and (c) shrinking if (f, ; .LK,} is a Schauder base for 
(X*,p(X*, X)),J being the canonical imbedding of X into X**. For the 
theory of Schauder bases in Banach spaces, we refer to [ 141; whereas for an 
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elementary treatment of bases in l.c. TVS, one may consult [2] (cf. also 191, 
for more details). 
Corresponding to a Schauder base (x, ;f,) for an l.c. TVS X, we shall 
denote by 6 and ,L, without further reference, the following sequence spaces: 
a= {{A(x)}:xEX}; 
P = i I,Rxi)l:fE x* 1. 
Note that 6 and ,D are placed under duality via the following relationship 
(a, P) = (XT f)l 
where u E 6, /I E ,UU; x E X,fE X*, u = (A(Y)} and /I = {f(x,)}. 
Regarding the item (IV) on nuclearity, we wish to bring forth only those 
terms which are related to A-nuclearity, thus covering (f’)-nuclearity as well 
and which are relevant to our present work. Our standard references are 
[5, 171. Given a sequence space A, we say that an l.c. TVS X is I-nuclear if 
for each u E d, there exists u E d, t’ < u such that the canonical imbedding 
ki : X,, -+ 2, is A-nuclear, that is, for each $, in XL,, 
with {A} c (XL,)*, 19:) cXU, (ai} EL and (($1, g)} EAX for each g in 
(X,)*; here XU denotes the completion of the quotient space X, of X relative 
to the kernel of pU, the Minkowski functional of u E 8. When I= A(P,), 
where P, is a nuclear G, set, the following results on I-nuclearity and 
nuclearity will be of much use in the results which follow in the subsequent 
sections; see [ 8,221. 
PROPOSITION 2.4. A K&he space A(P) (resp. (1, r@, A”))) is nuclear if 
and only if to each a E P, there corresponds b E P (resp. to each a E 1: , 
there corresponds b E A:), with b > a such that Cn .+, an/b, < 00. 
Next, we have the following Grothendieck-Pietsch-Kothe criterion, 
namely, 
PROPOSITION 2.5. A K&he space A(P) is A(P,)-nuclear ifand only iffor 
each a E P, there exists b E P, b > a and a permutation ;TC on N, = (n E N; 
a,, > 0) such that 
PROPOSITION 2.6. For a G,m-space A(P), the following are equivalent: 
409i88j I-h 
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(i) /i(P) is A (P&dear. 
(ii) For each a E P, there exists b E P, b > a with {an/b,} E A(P,,). 
(iii) There exists a E P with l/u E A(P,). 
3. A-BASES 
As mentioned earlier, the primary objective of this paper is to relate the 
notion of A-bases with that of A-nuclearity. Consequently, we are occupied 
with two problems, namely, that of A-bases and A-nuclearity. In this section 
we confine ourselves to a discussion on various aspects of A-bases and their 
applications in the structural study of locally convex spaces. Before 
embarking upon such a discussion, we need some preparation. Suppose 
(x,; f,} is a Schauder base for an l.c. TVS X and I an arbitrary sequence 
space. Define 
and 
y= ]{cz~}: /$,aixiI isCauchyinX\. 
Further we say that a sequence space ;1 satisfies the (K)-property provided its 
Kothe dual ,I ’ contains an element p” + 0 with inf,, /?i = k > 0. 
Remark. It follows trivially that every sequence space satisfying the (K)- 
property is contained in 1’. Also every G,-space satisfies the (K)-property. 
Of course, there exist non-perfect sequence spaces which satisfy the (K)- 
property: for instance, consider the space P, 0 < p < 1. 
To begin with, we introduce 
DEFINITION 3.1. Let X be an l.c. TVS, (x,; f,,} a Schauder base for X 
and 1 an arbitrary sequence space equipped with its normal topology 
q(n, A ’ ). Then (x, ; f, } is called a 
(i) semi-l-base, if for every p E D, the mapping wP : X+ I. is well 
defined, where v,(x) = ( p(x,) f,(x)}, x E X; 
(ii) pre-L-base, if for each p E D, the mapping (Do: y + ,I is well 
defined, where o,(a) = (a,p(x,)}, a E y; 
(iii) L-base if A c 6 and for each p E D, the mapping wP : X -+ ,I is well 
defined; 
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(iv) I-pre-K&he b use, if it is a pre-l-base and for each p E D, 
VI, : X + I is continuous; 
(v) ;i-K6fhe base, if it is A-pre-K&he and a I-base and 
(vi) fuf1~’ L-base, if it is a semi-k-base and for each p E D, y, : X-+ 1 is 
continuous. 
It is easy to see that the above definitions can be reformulated in terms of 
DEFINITION 3.2. With the same notations as those in Definition 3.1, we 
say that {x, ;f,} satisfies 
(i)o6cA; 
(ii)oycA; 
(iii) CI 6 = A; 
(iv) o y c A and the seminorms Q,,, on X are continuous, where for 
P E Dv Y E A ’ 7 Q,,Jx) = CR> 1 P(x,) I f,(x) Y, Iv x E X; 
(v) o (x,, ;f,} satisfies (iii) and (iv); and 
(vi) o {x, ; f,} satisfies (i) and Q,,,, p E D, y E Lx, is a continuous 
seminorm on X. 
DEFINITION 3.3. A base (x, ; f, ) in an l.c. TVS is said to be a Q-semi-k- 
base (resp. Q-pre-A-base, Q-l-base, Q-n pre-K&he base, Q-n K&he base, Q- 
fulfy I-base) provided there exists a permutation 7c E 9(N), the set of all 
permutations on N, such that (xX(,,; fTc,,) satisfies (i) (resp. (ii), (iii), (iv), 
(v) and (vi)) of Definition 3.1. 
Note. In quite many statements of results which follow, the use of an 
arbitrary sequence space is implicit, although we do not mention it every 
time. If we restrict ,I anyway, we shall specify the same explicitly. 
A natural question that immediately arises from the above definitions is 
the interrelationship and independence, if any, of the foregoing notions of 
several “L-bases.” Concerning the former, we have 
PROPOSITION 3.4. Let (X, T) be an l.c. TVS possessing a Schauder base 
(x, , f, }; then we haue the following implication diagram: 
(il - (i[J- (7) 
(iii) (ii) - 6) 
ProoJ Straightforward. 
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Concerning the reverse implications in the foregoing diagram, we have the 
following two results: 
PROPOSITION 3.5. Let X be a sequential!v complete l.c. TVS hating a 
Schauder base {x, ;f,}. Then 
(a) (i) e (ii): 
(b) (iv) G (vi); 
and if in addition A satisfies the (K)-property, then 
(c) (i) 0 (iii). 
Proof: Parts (a) and (b) are obvious. 
(c) It is clear that (iii) ti (i). To complete the proof we need show that 
A c 6. Thus if a E A, then (a,p(x,)} E A for each p E D. Hence using the 
(K)-property we find that xi..+, aixi is absolutely convergent in X and 
therefore x = xi>, aixi for some x E X. Thus a = (ai} = {f,(x)} E 6. 
PROPOSITION 3.6. Let X be a Mackey S-space possessing a Schauder 
base (xn ; f,, }. Then 
(a) (i) o (vi), and 
(b) (ii) o (iv). 
ProoJ (a) In view of Proposition 3.4, we need to establish (i) 3 (vi). 
Recall the sequence spaces 6 and ,u introduced earlier. Here we have 
,Ll = P. (*I 
Indeed, the inclusion ,D c 6” is straightforward. For showing the reverse 
inclusion, let a E dD. Since the nth sections a’“’ of a lie in ,U and a’“‘+ a in 
(@, a(6”, 6)), it follows that (a’“‘} is Cauchy in (u, o(,D, 6)). Moreover. 
(X*, a(X*, X)) and (,u, a(,~, 6)) being topologically isomorphic, we get by the 
S-space character of X an a* E ,D such that a’“’ + a* in a@, 6). Thus 
(ai} = (a:}, giving a E ,u. Thus 6’ C,D and, therefore, (*) is verified. 
Returning to the proof of (vi), it suffices to show that wp: X + 1 is 
a(X, X*) - u(A,AO) continuous (see [6, p. 2581) because X is already a 
Mackey space and that q(A, II “) c r(A, A “) by virtue of Proposition 2.2. 
Thus, let y E 1’ be arbitrarily chosen. By (i) the series xi> ,p(Xi)fi(x)yi 
converges for every .Y E X. Hence (p(x,) yi} E a4 and using (*), there exists 
fE X* such that Axi) =p(x,) yi, i > 1. Hence for all x in X, we have 
“ PCxi) Yi.6Cx) = 
LTI I I 
,T, f(wyi) .h(-r) = IfCx) 1) 
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giving that wp is 0(X, X*) - a@, AD) continuous. This completes the proof of 
(a). 
(b) Here once again it s&ices to establish the implication (ii) 3 (iv). 
Since (ii) * (i), the continuity of v, can be proved as in (a), (i) * (vi); so 
that the implication (ii) 3 (iv) follows. Hence the result is completely 
established. 
Nofe. The line of proof of (i) 3 (vi) is similar in spirit to that of 
[3, p. 5 111: however, we have included its proof for the sake of completeness. 
Remark. Concerning the independence of these several notions of “k- 
bases,” we shall not linger on the same in the general case; however, when 
1 = I’, one can find several examples in [ 10, 1 l] distinguishing one type of 
an “1’-base” from another. 
At the end, we mention the following result which gives an analytic 
characterisation of fully l-bases when (A, a(& I’)) is nuclear. 
PROPOSITION 3.7. Let 1 be a perfect nuclear sequence space. Then a 
Schauder base (x,, ; f,,) in an l.c. TVS X is a fully A-basis if and only if to 
eachpEDandyEAt, there corresponds q E D such that 
s,u>‘1 If,(x)1 P(-y,) y,, < q(x), v x E x. , 
ProoJ We prove only the “if’ part. Let p E D and 4’ E 1: be arbitrarily 
chosen. By the nuclearity of L, (cf. Proposition 2.4), there exists z E 1 T such 
that M = rn>, yJz,, < co. By hypothesis we can find q E 9 such that 
Now. 
y if,,@)1 P(G).I’~ GM s,u>s ILL~11 P(G) z,, < Mq(x), x E X. 
N > I / 
The above inequality implies that ‘l/P is continuous and that (f,,(.u) p(x,,)} E A 
as 1 is perfect so that (x, ; f, } is a fully A-base in X. 
Remark. It follows from the above proposition that if A is an arbitrary 
sequence space, then a semi-k base (x,,; f,,} in an l.c. TVS is a fully A-base if 
and only if for each p E D and y E ,I:, there exists q E D such that 
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Impact of L-bases. The restriction of the (K)-property on a given sequence 
space 1 yields several interesting applications of A-bases; indeed, these 
applications reveal the impact which the A-bases carry on the underlying 
locally convex space. Without further reference, it will be understood 
throughout the rest of this section that the sequence space occurring in any 
proposition possesses the (X)-property. We now begin with 
PROPOSITION 3.8. Let X be a sequentially complete l.c. TVS having a 
fully A-basis (x, ; f, }. Then X can be identij7ed with a Ktithe space A(P,), 
where the K&he set P, is given by 
Proof: In view of the existence of the mapping v,, the function 
v: X-,~(P,>~ w(x) = LL(x)l is a well defined linear mapping. We proceed to 
show that w  is a topological isomorphism. It is clearly injective. To prove its 
surjectivity, let a E A (PO). Then for p E D, 
c I%lP(x,)<+ 2 la,Ip(x,)PI: < 00 
n>l n>1 
Hence, there exists x E X such that 
x=Cax n n 
n>1 
giving v(x) = {a,,}. For proving the continuity of w, let a E P,. Then 
a,, = p(x,) y,, n > 1, for some p E D and y E A ! and 
p^,(w(x)) = s ~(4 Ifn(x)l Y, = Q,.,(x) Q s(x), x E x, n>l 
by the continuity of QP,Y. The continuity of I,u-’ follows from the inequality 
P(V’(a)) < + 1 I an IPI: p(q) = +$,..,(a), 
n>1 
”  where p E D, a E A(P,) and p40,p denotes the seminorm on .4(P,) resulting 
from the sequence (pi p(x,)} in P,. 
PROPOSITION 3.9. Let X E (X, T) be an l.c. TVS having a fully A-base 
{x,; f,}. Then T and o(X, X*) define the same Cauchy and convergent 
sequences in X. 
Proof. The (K)-property of A together with the fact that (x, ;f,} is a fully 
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l-base in X suggests that the family (Q,,oO;p E D) of seminorms on X 
generates the topology on X equivalent to T. Since for each p E D, the 
mapping 
VP: X+1, w,(x) = 1 PW f”(X) 1 
is T - ~(n, ,I ‘)-continuous, the adjoint w,* : A* -+X* is well defined. In 
particular w,*(c) E X* for each [E Ix. Suppose now zm +” 0 in @X,X*). 
Then 
Hence from Proposition 2.1, v,(z”) +m 0 in ?,+(A, ,I ’ ). Therefore, 
Qp,&"> + m 0, for each p E D. Thus zm -+m 0 in T. 
PROPOSITION 3.10. Let X be an l.c. TVS equipped with a fully A-basis 
(x,, ; f,,}. Then each f E X* can be written as 
where for some p E D, the sequence (a,,/p(x,)) E A ‘. 
Proof: Let (*) be true. Then 
If(x s Ia,f,(x)l. 
n> I 
As {a,/p(x,)} E 1 x for some p E D, there exists p E 1’ such that 
If (XII < c Ifn@)P,I P(%)- 
n>1 
Therefore, 1 f (x)1 < Q,,Jx), x E X. Hence f E X*. 
Conversely, let f E X*. There exists p E D and K > 0 such that 
If w GKP(XA n> 1. 
(*I 
Now 
x= c fn@)Xn n>1 
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Now choose a, = j-(x,,), n > 1; then for j3 E 1, we have 
PROPOSITION 3.11. Let 1 be perfect and X a Mackey S-space containing 
a i-base (x, ; f, }. Then X is complete. 
Proof First of all we observe that under the given conditions, 6 is 
perfect. Indeed, let z E 6’ ‘, then 
Since 6 c A, 
giving ( y,, p(x,)} E 6 ’ for each J E A ’ and p E D. Hence 
Therefore, (zn p(x,)} E 1 ” = A. for each p E D. Thus z E A = 6, yielding 
6 = 6’ ‘. Further, p = 6” (cf. proof of Proposition 3.6(a)) and so p = 6’. 
Hence (X, 0(X,X*)) is topologically isomorphic to (a(& 6” )). the latter 
being sequentially complete by Proposition 2.3. Thus X is, a fortiori, sequen- 
tially complete and, therefore, by Proposition 3.8, X 2 /i(PO) for some K&he 
set P,. because (x,; f,} is already a fully A-base by Proposition 3.6(a). Thus 
it follows that X is complete. 
A-bases. In the subsequent sections we shall have occasion to make use 
of the notion of “A-bases” and some results depending upon it proved earlier 
when A is a K&he sequence space A(P). However, in such results we 
consider the Kijthe topology 3, on A(P) rather than its normal topology. In 
general the set of results involving the topology 3, does not follow from the 
corresponding set of results involving the normal topology of A(P) and vice 
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versa. But in any case, the methods of proof in these two sets of results run 
more or less verbatim. As an illustration, we mention the following results 
without proof. In the rest of this section, we write A for a given fixed K&he 
space /i(P) equipped with its Kothe topology 5,. 
PROPOSITION 3.12. Let X be a sequentially complete l.c. TVS possessing 
a fully A-base, where A c I’. Then X can be topologically identified with a 
K&he space A(PO), where 
P,=((p(x,)a,};pED,aEPJ. 
PROPOSITION 3.13. Let X be an l.c. TVS containing a Schauder base 
(x,; f,,}, where A is nuclear. Then this base is a fully A-base if and only if 
for each p E D and a E P, there exists q E D such that 
4. CHARACTEFUSATION OF Q-FULLY A-BASES 
Having discussed in length the elementary properties of different types of 
A-bases in the preceding section, we now single out Q-fully L-bases for our 
special attention. Indeed, it is the class of “l-bases” which would finally be 
related with the A-nuclearity of the space in question. The desired 
relationship heavily depends on the characterisation of a Q-fully L-base in 
terms of its dual base and the main result of this section is Theorem 4.4. 
Throughout this section we take A to be a perfect sequence space, unless 
otherwise stated, equipped with its normal topologJf ?I(& ,I “) such that 
(A, q(,I, 1’ )) is nuclear. In the discussion that follows we will find ample use 
of the term “normal set” in an l.c. TVS possessing a Schauder base (-u,,; f,,}. 
Indeed, a set B c X is said to be normal if for each ( ui} E IF, lclil < 1, i > 1. 
” Cli fi(X) Xi E B, 
i> I 
whenever x E B. It is clear that the notion of a normal set is really 
meaningful when the Schauder base is bounded multiplier. Thus, if (x,~ ; f,,} 
is a bounded-multiplier base in an l.c. TVS X, for each bounded set B c X. 
we define 
BE I'1 aif,(X)Xi;XEB:lai/< l,i> 1 
1 i';;l 
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Then B z i and i is normal and bounded provided X is an S-space (cf. 
proof of Proposition 3.6(a) and [ 12, p. 4131). Hence, if (x,; f,,} is a bounded 
multiplier base in an S-space X, the topology p(X*,X) on X* can be 
considered to be an G-topology, where G is the family of all normal bounded 
sets in X. With this discussion as background, we are now in a position to 
state and prove the first result of this section, namely, 
PROPOSITION 4.1. Let X be an S-space possessing a shrinking and 
bounded multiplier base (x,, ; f,}. Consider the following statements: 
(1) (f,} is a Q-fully A-basefor (X*,&X*,X)); 
(2) there exists z E S(N) such that for every a E 1): , the mapping 
F,” : X + X given by 
F,“(x) = 1 %wh(x) vyi 3 x E x, 
i> I 
is well defined and a bounded linear mapping; 
(3) there exists 71 E S(iN) such that for every a E A :, the mapping F,” 
considered in (2) is well defined and continuous; and 
(4) there exists 7t E 9(N) such thatfor every a E A:, the mapping F,” 
considered in (2) is well defined. 
Then the following conclusions are valid: 
(a) (3)* (2)=> (l), (2)* (4); 
(b) for barrelled X, (4) 3 (3) and for a bornological space X, 
(2) * (3); 
(c) if X is semireflexive, then (1) + (2); 
(d) ifX is a Frechet reflexive space, then 
Cl)- (2)o (3)= (4). 
Proof. (a) Clearly (3) * (2). 
(2) 3 (1): As remarked earlier, the topology /?(X*, X) is an G-topology 
for the collection G of all normal bounded sets in X. By hypothesis B,., E G 
for BEG and aElf, where 
B c,. = F,“(B) = 
I 
z]: L(x) a,,,)xi: x E B . 
i> 1 
Let ps denote the continuous seminorm on X$ corresponding to B E G. 
Hence for fE X*, 
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PB,.Jf) = suPW(x)I:x E B,.,J 
= sup 
XEB II 
1 fCxi) a7r(i)fi(x) 
i> I II 
=Ps x f(xi)a7c(i)fi * 
i> I ) 
Let F, = f(x,) f,, n > 1. Then we find that 
Next, observe that if If( < 1 g(x,)I, i > 1, where f, g E X*, then for any 
B E G, p,df) <p,(g). Indeed, for x E B, 
= C ai.&f;,(x) gtxi) 
i>l 
for some {ai} with Iail =. 1, i > 1. Therefore, 
Thus 
If(x)l <P,(g), VxEB, 
* P*df> G P*( g). 
In particular, since B,,, E G and 
IFn(xi) I G If(x)> IT i> 1, 
we have 
Hence, 
PB,,“W G PBJf)7 n> 1. 
Invoking Proposition 3.7, it follows that 
(here u = Y’). 
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The relationship (**) suggests that {~(?c,(,,)P&,,,)} E L’ * = 1 for 
each B E G andfE X*. Hence (f,: Lx,,} forms a Q-fully L-basis in Xz. 
(2) ti (4) is trivial. 
(b) We first show that (4) * (3). Indeed, we now prove the continuity 
of the map F,” for each a E ,I:, which is well defined by virtue of (4). 
Consider for n E N, the map F,“,n : X -+ X, where F,“,,(x) = Cy=, a,,,,h(x) xi, 
x E X. Clearly F,“,,(x) -+” F:(X), x E X. Thus by the Banach-Steinhauss 
theorem, F,” is continuous because each F,“,, is continuous on X. 
(2) * (3): This is immediate by the bornological character of X. 
(c) Assume that (1) is true. Then there exists rs E .P(lN) such that 
Lf(x ocnj)~e(fo(n,)} E 1 for each fE X* and B E G. Also for each a E Ly 
and B E 6, there corresponds B E G with 
(*I* c Psdfn)If(Xn)l%?, ~PB,u-)~ VfE X” (u ’ = 77). II>1 
The existence of the desired mapping F,” is guaranteed by an application of a 
result of Cook [ 1, Theorem 41 which says that under the given hypothesis, 
(x,; f,} is boundedly complete. Now {Cr=, fi(x) arrci, -ui} is bounded in X; 
indeed, each x E X belongs to some B E G and therefore, 
G I: Pi3ti)l aq(ib fCzci)l 
i>l 
a&-)1 from (*). 
Thus it follows that for each x E X, the series 
converges in X. Thus F,” : X -+ X is well defined, where 
F,“(x) = x a7r(ij fitx) xi, x E x. 
i> I 
To prove the boundedness of F‘,“, let B E G. We show that F,“(B) is bounded 
in X. Thus iffE X* and x E B, then 
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i> I 
Therefore, 
and the boundedness of F,” is established. 
(d) Here the desired implications follow from (a) through (c). 
PROPOSITION 4.2. Let X be a Frkchet space having a bounded multiplier 
base (x, ; f,, }. Then (x, ; f,,} is a Q-fully A-basis in X if and only there exists 
71 E .9(N) such that F,” : X + X introduced in Proposition 4.1 is tuell defined 
and a continuous linear mapping. 
Proof. Assume first that the Schauder base (x,; f,,} is a Q-fully I-basis 
in X. Thus there exists a E Y’(N) such that to each p E D and a E 1,” , we 
can find 4 E D with (fOC,,(x)p(x,(,,)} E 1, for each x E X, and 
S I.G(-~)lP(xi) arr(i) G 4tx)v VXEX, 
i>l 
where n = 0-l. The foregoing inequality yields the existence and continuity 
of F,” because for p E D, we have 
p(F,“(x)) G 1 Ifi(x)l P(xi)an(i, ,< q(x), 
i> I 
vx E x. 
For proving the converse, we first prove that there exists a fundamental 
neighbourhood system at the origin consisting of normal sets in X. To this 
end, let 23 denote, as usual, a neighbourhood system at the origin consisting 
of barrels and let IJL la x X-+ X be a mapping, where 
I/+, x) = y qfi(x) xi, a E 1” , x E x. 
i> I 
The existence of v is guaranteed by the bounded multiplier character of 
(x~; f,). Using the Banach-Steinhauss theorem and the fact that the 
mappings 
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defined by 
n 




K?‘(a) = 7 cQf;:(x)x, (x fixed), 
i=l 
are continuous, one easily establishes the separate continuity of w. Hence, by 
a result in [21, p. 5 11, we find that w is (jointly) continuous on I” x X. Thus 
for each u E B there exist L’ E B and E > 0 such that 
w= W(u,E)=~(S,,U)CU, 
S, being the closed unit ball in P with radius E. Since 
W(u,E)= 1 aifi(X)Xi:XEU,Jail~&,i~ 1 , 
I i>l I 
one easily finds that W(v, E) is a normal neighbourhood of the origin in X 
for each u E 23 and E > 0. Let 
Q = {fW(u, E): u E 8. E > O), 
where TW(u, E) denotes the balanced convex hull of W(u, E). It is clear that 
‘8 is a fundamental neighbourhood system at the origin in X. To justify the 
claim made in the beginning of this paragraph about B, we now verify the 
normality character of the members of 9. Indeed, let 
2 E (I-W@, E))” 
* z = 1 ajfj(y) xj; ICljl< l,j> l,J*ETW(t’,e). 
j>l 
But 
Jv = 4 p, Vi 
- I- i=l 
Therefore 
with G ]/Ii/ < 1 and yi E W(c, E), 1 <i < N. 
i= L 
’ 
z=vaj I (’ [Pi&Y’)1 ) xj= $, Pi (,G, ajf;b+)Xj) 
i>l - i=l 
= 4 p.ui - 1 ’ i=l 
~-BASES AND THEIR APPLICATIONS 93 
where ui E W(o, E), by the normality of W. Hence z E fW(tl, E) and so 
TW(v, s) is normal. 
We now find that the topology T can be generated by @r. : I/E 6}. For 
any x E X, let E(x, (I) = (1 > 0: x E AU}. Suppose now that for x,y E X. we 
have IA(x)\ < If;:(y)l, i > 1. It then follows that E(y, U) c E(.u, U) and so 
P&) <P,(Y). 
Since F,” is continuous on X, for each II E B, there exists V E 8 such that 
P,K(x)) <P&), tlXEX. 
Now 
Ifi@,,,,L(x)x,)l G IeMF,“(x))L i> 1; 
therefore, for each U E 9, 
Hence, 
xEX;7c=o-‘. 
Making use of Proposition 3.7 it easily follows that ix,,; f,} is a Q-fully A- 
base in X. 
We still have one more result to go before we state and prove the main 
theorem of this section. 
PROPOSITION 4.3. Let A satisfy the (K)-property. Suppose X is a sequen- 
tially complete I.c. TVS possessing a fully L-basis. Then X is a nuclear space 
(A need not be perfect). 
Proof. By Proposition 3.8, X can be topologically identified with A(P,), 
P, = ( ( p(-u,) a,,};~ E D, a E 1 T }. Hence X is nuclear if and only if A(P,,) is 
nuclear (relative to its Kothe topology 5,,). Since (A, v(A, 1’ )) is assumed to 
be nuclear, for each a E A: one can find b E A:, b > a such that 
-v ,,>, an/b, < co (cf. Proposition 2.4). Consider an arbitrary p E D and 
aEAF. Then taking b E AZ as above and noting that the sequences 
{P(G) a, I and 1 P(x,) b, 1 belong to PO, it follows from Proposition 2.4 that 
A(PJ is nuclear. 
Remark. Note that the preceding proposition is true for any sequence 
space A G I’, where (A, q()L,A ’ )) is nuclear. However, it turns out that for 
sequentially complete l.c. TVS X with a fully A-base, the nuclearity of 
(A, q(A, A ’ )) does not necessarily follow from the nuclearity of X if A = 1’. In 
fact any nuclear Frechet space with a basis serves as a counterexample. It 
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would, therefore, be interesting to discover the class of sequence spaces 1s I’ 
for which the converse of Proposition 4.3 fails to be true. 
We are now ready to pass on to the main result of this section, namely, 
THEOREM 4.4. Let 1 be a sequence space satisfkling the (K)-property. 
Then a Schauder base ix,,; f,} in a Frechet space X is a Q-fully A-basis tf 
and only if {f,, ; Jx,} is a Q-fully A-base in (X*, &X*, X)). 
Proof Assume first that (xn; f,} is a Q-fully L-base for X. Thus for 
SOme f~ E T(N), lxotn,, f,,,,} is a fully L-basis for X. By Proposition 4.3, X 
is nuclear and hence reflexive (cf. [ 17, p. 831). Therefore by [ 1, Theorem 41, 
(x,, ; f,, } is shrinking and boundedly complete. Also, since 1 c I’ and {x, ; f, } 
is a semi-l-base, it follows that (x,; f,,} is absolute and in particular a 
bounded multiplier base in X. Applying Proposition 4.2, we find that for 
some rt E .9(N) the mapping F,” : X+ X, a E 1 T defines a continuous linear 
mapping. Here F,“(x) = xi>, a,&(x) xi, ?c E X. Thus by Proposition 4.1, 
(2) 3 (i), we find that (f, ; Jx,} is a Q-fully I-base for (X*,/3(X*, X)). 
Conversely, there exists u E Y(N) such that {fuc,,,; J-Y,(,)} is a fully I- 
base for (X*, p(X*, X)). Since (X*,/7(X*, X)) is sequentially complete, 
(X*,p(X*, X)) is nuclear by Proposition 4.3. Hence by [ 17, p. 781 X is 
nuclear and as before (cf. arguments in the necessity part), the base is 
shrinking and bounded multiplier. Also X is reflexive and so using 
Proposition 4.1, (1) 3 (3), there exists rr E .9(N) such that for each a E 1 f 
the mapping F,” : X + X, 
F,“(x) = x antijfi(x)xi, x E x, 
i>l 
is continuous. Finally, we make use of Proposition 4.2 to conclude the Q- 
fully L-character of the base (x,; f,,}. Hence the result is established. 
Remark. An inspection of the proofs of the preceding results of this 
section allows us to state the following theorem without proof. 
THEOREM 4.5. Assume that ,I satisfies the conditions of Theorem 4.4. 
Then a Schauder base (x, ; f, 1 in a Frechet space X is a fully l-base in X if 
and only if (f,, ; J-Y,, } is a fullv A-base in (X*, /3(X*, X)). 
Note. De Grande-De Kimpe in [3] has obtained the same result for 
reflexive l.c. TVS X. 
Remark. Imitating the proofs of Propositions 4.1 through 4.3 and those 
of Theorems 4.4 and 4.5, one can prove the following theorem, where 
(A, a(,%, 1’ )) is replaced by (A(P), 5,). 
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THEOREM 4.6. Let A(P) be a K&he space such that A(P)cl’ and 
(A(P), 5,) is nuclear. Further, let X be a Frkhet space having a Schauder 
base {x,, ; f,}. Then (x, ; f,,) is a fully A(P)-basis (resp. Q-fully A(P)-basis) 
in X if and onl-v if (f, ; Jx,} is a fully A(P)-basis (resp. Q-fully A(P)-basis) 
for (X*,P(X*,X)). 
Let us recall from [S, p. 5 ] that a sequence u = (cr,,} of real numbers is a 
nuclear exponent sequence of infinite type if 0 < a, < a, < ... < a, < . . . and 
there exists R > 1 such that Cna, R --On < 0~). In the following we obtain as a 
direct consequence of Theorem 4.6, the following 
COROLLARY 4.7. Let a be a nuclear exponent sequence of infinite type, 
Then a base (x, ;f,} in a Frkchet space X is a Q-fully A,(a)-basis if and 
only if {f,; Jx,} is a Q-fully A,(a)-basis in (X*,p(X*, X)). 
The last theorem of this section makes use of the following results proved 
in [ 5, p. 40; 20, Theorem 4.41. 
(A) Let ,I be a sequence space such that P(,I, 1”) is compatible with 
@,I ’ ). Then a KGthe space A(P) is nuclear whenever it is A-nuclear. 
(B) Let A = n,, , (l/a”) 1’ b e a nuclear Kiithe space such that A(P) is 
A-nuclear. Then A(P) is s-nuclear. 
We now conclude this section with 
THEOREM 4.7. Let A(P) c 1’ be such that (a) A(P) is ,I-nuclear, where 
(A, P(l, lx ))* = A ‘, or (b) A(P) is A-nuclear, where A is a nuclear KGthe 
space. Then a Schauder base (x, ; f,} in a FrPchet space X is a A(P)-basis if 
and only if {f, ; Jx,} is a A(P)-basis in (X*, p(X*, X)). 
5. A-NUCLEARITY 
We now take up the problem raised at the very beginning of this paper, 
namely, the relationship of L-bases with A-nuclearity. To be more precise in 
formulating the problem and seeking its solution, let us recall the following 
two results from the theory of nuclear spaces which reflect the impact of an 
absolute Schauder base in a Frkchet space, which it carries on the structure 
of the locally convex space in question (see [ 7, 15, 18,23 1). 
THEOREM C.. A Frkchet space with an absolute base {x, ; f,) is nuclear if 
and only if {f,,; Jx,} is an absolute base for (X*,p(X*, X)). 
THEOREM D. A Frkchet space X with a Schauder base is nuclear if and 
only if each basis in X is absolute. 
409/88/l-7 
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In view of the terminology explained earlier, we note that in Theorems C 
and D, the terms “absolute” and “nuclear” can be replaced by “/‘-absolute” 
and “I ‘-nuclear,” respectively. Now the problem which we are interested in 
formulating is simple. Indeed, we would like to know the class of sequence 
spaces 1 which could replace I’ in the aforementioned two theorems. 
As far as Theorem C is concerned, the same breaks down when 1’ is 
replaced by a GE-nuclear space n(P). We demonstrate this situation in the 
following counterexample. 
EXAMPLE 5.1. Let X = n(P), where P is a countable nuclear G,-set so 
that X is a Frechet nuclear space. It is clear that {e”; e”) forms a Schauder 
base for X. That (e”; e” ) is a fully n(P)-base for X, follows from the fact 
that for each a E P and b E P, we can choose c E P such that 
a, 6, < c,, n > 1 and therefore for x E X, we have 
giving 
I(~,e”)Jp,(e”)b,=Ix,Ia,b,~lx,Ic,, n> 1, 
s I(x,e”)l~,(e”)b,< x klc,, < 00, 
n>I n>l 
(*I 
so that ((x, e”)p,(e”)} E A(P). We now show that (e”; e”) forms a fully 
/i(P)-basis in (X*,p(X*, X)). To this end, let B be any bounded set in 
X = A(P); then by a result in [ 131, there exists ~7 E X such that 
rywafffdr f~ X*, we have (see 14, p. 965 1 or 18, P. 77]),f = {.!@“)I = (f,,l, 
~,(e”)l(~ e”>l= s,t; I-y,1 If,1 
GP IYnl lcnl 
where c E P and p > 0 such that If,, I < p I c, 1, n > 1. Therefore, for a E P, we 
have 
wherebEPissuchthata,c,<b,,n>l. 
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Since X is Frechet nuclear, it is reflexive and, therefore, (X*,p(X*, X)) is 
barrelled. Now the above inequality implies that {e”; e” } is a semi-A (P)-basis 
so that it is also a fully A(P)-basis in (X*,/?(X*, X)) by virtue of Proposition 
3.6(a). (The fully A(P)-character of the base {e”;e”) in (X*,p(X*, X)) 
follows also as a direct consequence of Theorem 4.6.) However, by 
Proposition 2.6 the space X cannot be A(P)-nuclear. 
We now turn to a possible analogue of Theorem D in the setting of the 
present situation, namely, to see if I’ in Theorem D can be replaced by a 
suitable sequence space 1. It turns out that the necessity part can be extended 
when I’ is replaced by a suitable sequence space. More precisely, we have 
THEOREM 5.2. Let A(P) be a G,-nuclear space which is also stable (i.e., 
A (P) x A(P) : A(P)). Then every Schauder base (x, ; f, } for a /1 (P)-nucfear 
Fre’chet space X is a Q-filly A(P)-base. 
Proof. Since A(P) c /’ and A(P) is nuclear, the space X is nuclear. By 
Theorem D, (x, ;f,} is a fully absolute base in X. Hence by [ 17, p. 1721, X 
can be topologically identified with a Kothe space A(P,,), where 
pll= ~(Pk(X,)),; k > 1 }, ( pk; k > I} being the sequence of seminorms 
generating the topology of X. Thus it suffices to show that {e” ; e”) is a Q- 
fully A(P)-base in A(PO). Since A(P,) is A(P)nucle it follows from [ 19, 
Proposition 4.91 that there exists a rc E P(lN) such that for each k > 1, we 
can find m > k satisfying 
c*> 
To prove the required assertion, let k > 1 and a E P be chosen arbitrarily. 
Then for y E A (PO), we have 
I (Y, encn’ >I ~dx,d a, = I YTCn,I anpm(Xncn, ) [ ppk2,$ ] * m 
Hence, 
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or equivalently 
s I(~I,e”‘“‘)lBk(e”‘“‘)a,~K,$m(4’), t/ y E A (PO). n>l 
The above inequality implies that {( y, errtn)) p^,(e”‘“‘)} E /i(P) and, therefore, 
(e”; e” 1 form a Q-fully /1(P)-base for /i(P,,). 
Remark. The foregoing result has already been proved in [ 161 and our 
method provides an alternative proof for the same. 
As a partial converse to Theorem 5.2, we have 
THEOREM 5.3. Let X be a sequentially complete l.c. TVS having a fully 
A(P)-base {x,; f,t, P being a G,-set. Then X is A(P,)-nuclear for each 
nuclear G,-set. P, such that A(P) is A(P,)-nuclear. 
Proof The proof follows by applying Proposition 2.6 and runs on lines 
parallel to that of Proposition 4.3. 
Combining Theorem 5.2 and 5.3, we obtain 
THEOREM 5.4. Let X be a Frechet space with a basis (x, ; f, } which is a 
fully A(P)-basis, where A(P) is G, and A(P) is A(P,)-nuclear for some 
stable nuclear G,-set P, ; then every base in X is a Q-fully A(P,)-basis in X. 
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